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algorithms

D. Jamet, N. Lafreniere, X. Provencal

DGCIl 2016
April 18th, Nantes

1./93



i g e Tl L) i s A
Ssicoesesoiaic s s R MM i gl gl gr
. - - -

LI P PSS SCDT, .-—‘_,f‘_,.-"‘,fq,.—-:,(_,@;;

"af L
(_,r""“_.r

e
- r“'-’"‘fd e"'«"'.-,.r“'_f(r(,.ef,f "_' r -
LSS5 f".-—"::f'" o :’::}j;;:;::;;gg;! ,frlfl'a fl"l__’ "
- - Sl e e
Pl lf! -‘fl"fr" cSsose s
St el B gl gy
22 S I BSOSO AL P s o é
7 qi.'rr‘fr"’( C P O OGO OO O TP P O S
e e S .' re’f'#(..e",..-’,e‘, ,e“_,.-' A e
LS ETlS ’f’r*r'#‘f’fr’r‘rr T e el el o ol e
220 % Sl o L O C el s
etesescsososeseses e B B gl gl b A<
P 8 -.-"‘,.f‘._,..-"f,v“(,-f((r,f‘f,.-“f,.f“{,."g,f':,.-’:;r' g Fgl gl
s e o o o S PSP PSP
s L L O e e 0 S S,
oot B I G G o G S oot el el el e
Slosososese s T B gl gl eSO
- I 5 T f’f'['r'r‘rr/ra :
el L !'E:a

<< "‘e"’a“"‘f‘
Sl et S ol -
< fj/{:j_/,/

-

e 5SS OSSN
!f(‘(r.rr.?x,r,ff,.ffff,x,r‘,.-« e _

S A | (S Sl e e P
BB DL L O P OIS A
SOOI o ot L S Bt e
cScscseic i oo s <l B L gl glr i o
A S ST TLICTTICHETE !,.-,lf-"r'r
s B S SOOI eSS T,
oS ,,',r‘r,»/

v e ‘ o,

(g(y S<o<
. 'S~ L S o8 8 0 S
Pl S 5 ST N & o



Digital lines and planes

Definition ([Reveilles 91])
The digital line/plane/hyperplane P(v, u,w) with normal vector
v € Z9, thickness w € N and shift 1 € R is the subset of Z? defined

by:
P(v,u,w)z{XEZd|0§<x,v>—u< w }

P((1,6),7,0) Db SN

— -

0<1x+6y <7 >




Digital lines and planes

Definition ([Reveilles 91])
The digital line/plane/hyperplane P(v, u,w) with normal vector
v € Z9, thickness w € N and shift <R is the subset of Z? defined

by:
Y P(ww)z{xGZd\OS (x,v) < w}

P((L6), 7) —eeeg-—'_

0<1x+6y <7 >




Periodic structure of a digital line

Periodic .
structure Example with v = (=3,1):

Construction

guided by e (x,v) is the height of x,
e P(v,4) ={x€Z®|0< (x,v) <4}

Euclid

Using Fully
Subtractive

New

algorithms




Periodic structure of a digital line
Periodic

structure Example with v = (=3, 1):
e (x,v) is the height of x,
e P(v,4)={x €Z?|0< (x,v) < 4}.

e (x,v) = (y,v) = y — x is a period vector.

e A point of each height from 0 to ||v||1 — 1 appear in a period.



Periodic structure of a digital plane

v=1(1,2,3), P(v,6)={x€Z®|0< (x,v) <6}
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Periodic structure of a digital line

Periodic
structure

Definition
A set of points S C Z9 provided with a set of vectors (b;)]_; € Z¢
spans an infinite set Q C Z9 if

Q= U (S +x).

XELby+Lby+...+Lby,

(Like a tiling without a disjoint union.)

Example :

The set : — T =

/

] ‘ - [~

provided with vector v = (3, 1) spans the digital line P((—3,1),4).



Main pattern of a digital line

Periodic
structure
23’2&&1”&?” e A point x € P(v, ||v||1) is a upper leaning point, noted UL, if its height,
Euclid (x, v) is maximal.
Using Fully
Subtractive
New
algorithms
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Main pattern of a digital line

Periodic

structure

S e A point x € P(v, ||v||1) is a upper leaning point, noted UL, if its height,
B (x, v) is maximal.

i e The main pattern of a digital line is a set of points bounded by two

New consecutive upper leaning points.

algorithms

Main pattern
\
\ UL .-"

U_L‘—"




Main pattern of a digital line
Periodic
structure

e A point x € P(v, ||v||1) is a upper leaning point, noted UL, if its height,
(x, v) is maximal.

e The main pattern of a digital line is a set of points bounded by two
consecutive upper leaning points.

e Let v be the vector defined by two consecutive UL, a main pattern
provided with v spans its digital line.

Main pattern

\
\ UI%.—‘
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UL+~




Main pattern of a digital line

Periodic
structure

e O : upper leaning points.

e Let H be the highest point among {@®}, a Bezout point.

Main pattern for slope 2/5.
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Main pattern of a digital line

Periodic
structure

e O : upper leaning points.

e Let H be the highest point among {@®}, a Bezout point.

Main pattern for slope 2/5.



Main pattern of a digital line

Periodic
structure

e O : upper leaning points.

e Let H be the highest point among {@®}, a Bezout point.

Main pattern for slope 2/5.
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Main pattern of a digital line

Periodic
structure

e O : upper leaning points.

e Let H be the highest point among {@®}, a Bezout point.

Main pattern for slope 2/5.

O
o O o
o o o
o o e @

Main pattern for slope 3/8.



Main pattern of a digital line

Periodic
structure

e O : upper leaning points.

e Let H be the highest point among {@®}, a Bezout point.

Main pattern for slope 2/5.

@] O
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Main pattern for slope 3/7. Main pattern for slope 3/8.



Periodic
structure

oo oo

A

M

Stern-Brocot Tree

Stern-Brocot tree.

[SNTN

1 2
2 1
1 2 3 3
3 5 2 1
1 2 3 3 4 5 5 4

Every irreducible fraction appears exactly once in the Stern-Brocot tree.



Euclid Algorithm

Stern-Brocot tree

Construction Euclid
ded by . . .
Bucid (I] % algorithm Approximation

- @ === (7,9) (1,1)
! 4

> e
o
> s

Bl
(GI[N]
vlw
Wi
wlx
[SI[E]
=i
—
w
N
—
—
w
N
=

G-
_
-
N
5
_
>
o1
S




Matricial view

§$ZZ‘J“§§‘°" Euclid Euclid algorithm
Euclid algorithm Approx. Given a vector (x,y), return
n Vn an o[_i ?}ifx<y,
o (19 | (LY <o 1] ey
v v e stop if
x=y.
1 @2 | 12 "y
4 4 Given a vector v € (N\ {0})?, let :
2 (5.2) (2,3) °*w=v,
+ + o Foralln>1: { My = Euclid(vy—1)
3] G2 | G4 o = Moo
! !
4 (1,2) (4,5)
1 1

5 (1,1) (7,9)




Matricial view

;mse:u;ynon Euclid Euclid algorithm
Euclid algorithm Approx. Given a vector (x,y), return
n Vn an o[_i cl)}ifx<y,
o (19 | (LY <o 1] ey
{ 1 N
sto =y.
1 (72 | 12 Rl
4 4 Given a vector v € (N\ {0})?, let :
2 (5,2) (2,3) ° vo=v,
+ + e Foralln>1: { ’V/n_=A5uclid(v,,,1)
3] G2 | B4 R
! !
4 (1,2) (4,5) Property
4 { ® vp=MMp_1---Mv

5 (1,1) (7,9) o a,,:Ml_le_l-uMn_l({)




Matricial view

ot Let ULy and UL; be two upper leaning points of a main pattern of
guided by P(an, ||anll1) and H be the Bezout point. Let « = ULy — H and 8 =
Euclid ULI _ H’ then

MM My =] ap ]

M MIe=a, M M e =8

o o o o o o
o o o o o o o
O e o @ O e ® @



The Translation-Union Construction

Construction Construction
guided by [Domenjoud,Vuillon 12],
Eucic [Berthé, Jamet, Jolivet, P. 2013]
Let vo = v, By = {0} and for all n > 1
let :
M), : the matrix selected from v,_1,
Vn = Mpvp_1
dp : the index of the coordinate of v,_;
that is subtracted,
T, = I\/IIT M es,, (translation)
B, =B,_1U (Tn aF B,,,;[)7 (bOdl\/)
H, = Zie{l,...,n} Ti, (highest point)
Ly = Hnp+{M] --- M e} (legs)
Note that:
Hp € Bn,

L,NB,=0.

®echB, Ocl,
vo = (2,3),
=(1,1
i?o :((070))7 T—O
Ly = {( 70)7(07 1)}
vi=(2,1),01=1
a1 =(1,2)
T1 = (1,0
Hi _ E170;7 T—‘—O
L= {(270)7 (07 1)}
vo =(1,1),00 =
a =(2,3)
To = (~1,1) I I
H2 = (07 1)7
L, = {( ) 71)’ (717 1)}



Construction
guided by
Euclid

3D continued fraction algorithms

Euclid algorithm : given two number subtract the smaller to the larger.
(7,9) = (7,2) = (5,2) = (3,2) = (1,2) = (1,1) — (1,00




3D continued fraction algorithms

Gttt Euclid algorithm : given two number subtract the smaller to the larger.
guided by (7,9) = (7,2) — (5,2) = (3,2) = (1,2) — (1,1) = (1,0)D

Euclid

Given three numbers :

e Selmer : subtract the smallest to the largest.
(3,7,5) = (3,4,5) = (3,4,2) = (3,2,2) = (1,2,2) — (1,2,0)9 .

e Brun : subtract the second largest to the largest.
(3,7,5) = (3,2,5) — (3,2,2) — (1,2,2) — (1,2,0) — (1,1,0) —
(1,0,0)O .

e Fully subtractive : subtract the smallest to the two others.
(3,7,5) — (3,4,2) = (1,2,2) — (1,1,1) — (1,0,0)O .

e Poincaré : subtract the smallest to the mid and the mid to the
largest.
(3,7,5) — (3,2,2) — (1,2,0) — (1,1,0) — (1,0,0)O .

e Arnoux-Rauzy : subtract the sum of the two smallest to the
largest (not always possible).
(3,7,5) — impossible.




Example : Fully Subtractive v = (6,8,11)

e Step 0: vy =(6,8,11), ap = (1,1,1),

Construction ®
e Fllly Let vop = v, Bp = {0} and for all n > 1
Subtractive let : o
M,, : the matrix selected from v,_1, (5 (®

Vn = Mpvp_1

tep 1: = =
& : the index of the coordinate of v,_1 * Step v =(6,2,5), a1 = (1,2,2),

that is subtracted, )
To=M - Mes,, (translation) ()
B =By 1U(Tn+ Bn_1), (body) o © O,

H, = Zie{l,...,n} Ti, (highest point)

e Step2: vu = (4,2,3), a2 =(2,3,4),
Ly = Hnp+{M] ---M] e} (legs)




Example : Fully Subtractive v = (6,8,11)

e Step 3: v =(2,2,1), a3 = (3,4,6),

Using Fully
Subtractive




Periodic
structure

Construction
guided by
Euclid

Using Fully
Subtractive

New
algorithms

P((6,8,11),13)

Expected properties of the pattern:
e Connected.
e Provides period vectors.
e Spans P(v,w) with these vectors.

e Should be as small as possible, to
avoid redundancy.

16/23



Example, Fully Subtractive v = (6,8, 13)

e Step0: v =(6,8,13), ap = (1,1,1), e Stepl: vy =(6,2,7), a1 = (1,2,2),
® ®
Using Full
Subtgractiv); O (9
® ® © ®
@

e Step2: vr = (4,2,5), a» =(2,3,4), e Step 3: v3=(2,2,3), a3 = (3,4,6),




Fully Subtractive

Definition
Let K be the set of vectors v such FS"(v) = (1,1,1) for some N > 1.

Using Fully
Subtractive

Let v € (N\ {0})® with gcd(v) = 1 and (a, b,c) = sort(v) (i.e. a< b < ),
two conditions:

(1) If a+ b < c then let (&', b',c’") = sort(FS(v)) then a’ + b’ < ¢’

Example : (2,3,6) = (2,1,4) = (1,1,3) = (1,0,2).

(2) If a= b < c, then one coordinate of FS(v) is 0.

Example : (2,2,3) £ (2,0,1).

Lemma
Let v € (N\ {0})3, v & K iff there exist n > 0 such that FS"(v)
satisfies condition (1) or (2).




The set

Periodic
structure FS FS

v— - —(1,1,1)
Construction
guided by

Escia (0,0,1)

Using Fully
Subtractive

New
algorithms

(1,0,0) (0,1,0)



New generalized continued fraction algorithms

Idea : If the vector looks good, use FS, otherwise use some thing else. . . like
Brun or Selmer.

New
algorithms



New
algorithms

New generalized continued fraction algorithms

. If the vector looks good, use FS, otherwise use some thing else. . . like
Brun or Selmer.

Algorithm FSB

Algorithm FSS

Input : v e N3,

Input : v e N3,

If v satisfies (1) or (2) then
Use Brun.

else
Use FS.

end if

If v satisfies (1) or (2) then
Use Selmer.

else
Use FS.

end if




K

(9,15,11) ¢

Example using FSB, v

(9,15,11)
(17 17 1)

o 9o

0
E
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50
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New
algorithms

Theorem
Using the algorithm FSB or FSS, for all vector v € (N\ {0})® with
ged(v) =1,

® 3N such that vy = (1,1,1).

® Vectors of Ly have same height, providing period vectors.

® By U Ly is connected.

® Bn U Ly spans P(v,w) with ”"2”1 <w < ||V




Conclusion

Periodic

structure

Construction

guided by Good:

Euclid i .

P e Build a pattern that spans a digital plane for any
sing Fully .

Subtractiv rational normal vector.

New e Construction is recursive and based on continued
algorithms fractions algorithms.

e Generalizes Voss' splitting formula (equiv.
standard factorization of Christoffel words) to
higher dimensions.

e Find a gcd algonthm that builds minimal patterns.
e Control the height of the pattern.

e Control the anisotropy of the patterns (avoid
stretched forms in favor of potato-likeness).

e Apply recursive structure to image analysis
algorithms.
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