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Discrete plane




Generalized substitutions

€3 €3
=
) €
el el
€3
— =
) €
€ €
ey ey
=
€ )
€ ¢



Arithmetic discrete lines

Definition

The discrete line £(a, b, 1, w) is defined by

E(a,b,,u,w):{(x,y)€Z2|0§ax+by+,u<w}.

@ 1 is the translation parameter of L£(a, b, i, w).
@ w is the thickness of L(a, b, yi,w).
o If w=|a| + |b| then L(a, b, 1, w) is said to be standard.

Reveilles 1991, Francon, Debled-Renesson, Kiselman, Vittone,
Chassery, Gérard, Buzer, Brimkov, Barvena, Rosenfeld, Klette, ...



Arithmetic discrete lines

Definition

The discrete line £(a, b, 1, w) is defined by

£(a, b, w) = {(x,y) € Z2|0 < ax+ by + p < w}.

@ 1 is the translation parameter of L£(a, b, i, w).
@ w is the thickness of L(a, b, yi,w).
o If w=|a| + |b| then L(a, b, 1, w) is said to be standard.




Arithmetic discrete planes

Definition

The discrete plane P(a, b, c, 1, w) is defined by

P(a,b,c,,u,w):{(x,y,z)EZ3|0§ax+by+cz+,u<w}.

@ 1 is the translation parameter of P(a, b, ¢, u, w),
@ w is the thickness of P(a, b, c, 1, w).

o If w=|a| + |b|] + |c| then P(a, b, c, u,w) is said to be
standard.



From discrete lines to words

E(a,b,,u,w):{(x,y)GZz|0§ax+by+,u<w}.

6 /37



From discrete lines to words

E(a,b,,u,w):{(x,y)622|0§ax+by+,u<w}.




From discrete lines to words

E(a,b,,u,w):{(x,y)622|0§ax+by+,u<w}.

w =11111211112111 - - -
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Sturmian words

Definition (Morse and Hedlund 1940)

An infinite word w over a two-letter alphabet is Sturmian if,
equivalently,

@ w admits exactly n+ 1 factors of length n,
@ w is balanced and aperiodic,

@ w codes (as in the previous slide) a discrete line with
irrational slope o = b/a > 0.




Sturmian words

Definition (Morse and Hedlund 1940)

An infinite word w over a two-letter alphabet is Sturmian if,
equivalently,

@ w admits exactly n+ 1 factors of length n,
@ w is balanced and aperiodic,

@ w codes (as in the previous slide) a discrete line with
irrational slope o = b/a > 0.

In the case where 1 =0, then w = 1-w' and w’ is called a
characteristic Sturmian word.




Generation of a characteristic Sturmian word

o = [20;213227"'] :Zo—|—
71 +
2z +

z3+ ...



Generation of a characteristic Sturmian word

o = [20;213227"'] :Zo—|—
71 +
2z +

_ 1—2
= 2 2m

z3+ ...



Generation of a characteristic Sturmian word

1
a=[z;z1,22,...] =20+ .
71 + 1
z +
2 z3+ ...
1—2
Tn =
22"

For each n >0, let s, = 75, 07, 0 - -+ 07,(2).

The characteristic Sturmian word w’ of slope « is given by :

w = lim s,.
n—oo



Euclid’s algorithm

Computation of [zg; z1, 20, ...] from a = b/a.



Euclid’s algorithm

Computation of [zg; z1, 20, ...] from a = b/a.
@ Let ug = b and u; = a,
e For i >0, (while uj11 > 0)

let z; = {ﬁj and set uj1p = Ui — Ziujy1.



Euclid’s algorithm

Computation of [zg; z1, 20, ...] from a = b/a.
@ Let ug = b and u; = a,
e For i >0, (while uj11 > 0)

u
let z; = U,il and set Uito = Uj — ZjUj41.
First steps :
Uo
up = up — | — | Uz,
n
uy
Uz =ty — | — | U,
u2



Euclid's algorithm, matrix form

Computation of [zg; z1, z2,...] from o = b/a = by/ap.

an+1 | —zp 1 dn . ﬁ
R I M R
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Euclid's algorithm, matrix form

Computation of [zg; z1, z2,...] from o = b/a = by/ap.

dn+1 o —zp 1 dn . E
)= L oL ] e 2]
—_——

n
—1
Mz,

Ifa,,;éOIetMn:[O

1 . 10
1 Zn],otherwsel\/ln—[o 1}

10/37



Euclid's algorithm, matrix form

Computation of [zg; z1, z2,...] from o = b/a = by/ap.

dn+1 o —zp 1 dn . E
)= L oL ] e 2]

| S ——

Mzt
1 . 10
1 2, ],otherwse M, = [0 1 }

a an
R

(@)

Ifa,,;éOIetl\/In:[

10/37



Euclid's algorithm, matrix form

Computation of [zg; z1, z2,...] from o = b/a = by/ap.

an+1 . -z, 1 dn o E
)= L oL ] e 2]

| S ——

Mzt
1 ) 10
1 2, ],otherwse M, = [0 1 }

a dnp
HEA

q 0 Pn
[p: ] =M, M, ---M,, [ 1 ] where az[Zo;Zl,Zz,---,Zn]

(@)

Ifa,,;éOIetl\/In:[
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Euclid's algorithm, matrix form

Computation of [zg; z1, z2,...] from o = b/a = by/ap.

an+1 . -z, 1 dn o E
)= L oL ] e 2]

| S ——

Mzt
1 ) 10
1 2, ],otherwse M, = [0 1 }

a dnp
HEA

q 0 Pn
[p: ] =M, M, ---M,, [ 1 ] where az[Zo;Zl,Zz,---,Zn]

(@)

Ifa,,;éOIetl\/In:[

a . 0
[b]:nl"goMZlMZ2"'Mzﬂ [ 1]

10/37



In order to draw a discrete line of slope o = b/a :

0 1 } in order to obtain the

e Compute the matrices M, = [ 1 5
n

list [zo; z1, 22, ...].

@ Compute the prefixes characteristic Sturmian word w, using

the morphisms
12
T2 T 2 271

@ Draw the geometric representation of w,,.

11/37



Formalization of the Freeman chain-code

Let Ay ={1,2,...,d} and (e1, e, ..., €eq) be the canonical base
of RY. We consider § be the vector space of mappings from
79 x Ay to R that takes everywhere zero value except for a finite

set.

12 /37



Formalization of the Freeman chain-code

Let Ay ={1,2,...,d} and (e1, e, ..., €eq) be the canonical base
of RY. We consider § be the vector space of mappings from

79 x Ay to R that takes everywhere zero value except for a finite
set.

Let (X, €;) be the element of F that takes value 1 at (X,/) and 0

elsewhere.
g Ay —F§

ma(w)= > (B,e)

w=p-i-s
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Formalization of the Freeman chain-code

Let Ay ={1,2,...,d} and (e1, e, ..., €eq) be the canonical base
of RY. We consider § be the vector space of mappings from
79 x Ay to R that takes everywhere zero value except for a finite
set.
Let (X, €;) be the element of F that takes value 1 at (X,/) and 0
elsewhere.
g Ay —F§
ma(w)= > (Pe)

w=p-i-s

mg(1211) — (1)

12 /37



The E; operator

The 1-dimensional geometric realization E;(o) of a word morphism
o is the linear mapping defined on § such that :

* g *
‘Ad ‘Ad

| | o

Ei(o
g 29, &

13 /37



The E; operator

The 1-dimensional geometric realization E;(o) of a word morphism
o is the linear mapping defined on § such that :

Ay T A
Il
5 29 %

Ei(0)(R, &) := > (M,% + 0, ¢j).

uj prefix of (i)
ue Ay, je Ay

13 /37



The E{ operator

We consider §* the dual space of § and the linear form :

Y e\ (v e: not. 2 A =k dif ].|'F)_(‘:_)_/»ar]d/:J7
(%€ ej) - ej)’(X’ &) = { 0 otherwise.

The dual operator Ef of Ej is given by

(E1(0)(V, ), (X, €)) = (7, &), Ef (o) (X, &) -

In the case where M, is unimodular

Ei (o =y > (MY (% — i), €).

J&A i prefix of o(j)

14 /37



Geometrical representation of §*

We represent an element (X, ;) as :

(X,ef) — {X+e+ Z)\je,' | Aj € [0,1]}.
i#j
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Geometrical representation of §*

We represent an element (X, ;) as :
(X,ef) — {X+e+ Z)\je,' | Aj € [0,1]}.
i#
Examples :
e d=2

x|
<!

—~~
X1
D
=%
N—r
—~~
<u
NA
N—r
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Geometrical representation of §*

We represent an element (X, ;) as :

(X,ef) — {X+ e +Z)\je,")\j € [0,1]}.

i#j
Examples :
e d=2
X y
(X, €}) (¥, €3)
ed=3

N s "

0 e1 (07 e;) (07 e;)

15 /37



Composition of E; and Ef

Definition

A substitution o is primitive if, for any letter i € A there exists n
such that o(/) contains all the letters of A.
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Composition of E; and Ef

Definition
A substitution o is primitive if, for any letter i € A there exists n
such that o(/) contains all the letters of A.

Given ¢ and 7 two primitive substitutions :
Ei(o) o Ei(1) = E1(0 o 7),

Ef(0)o E{f (1) = E{ (T 0 0).

16 /37



Example in dimension 2

Given some slope o = b/a = [zy; z1, 22, . . .| let’s take a look at the
geometric representations

o Ei(714) 0 Ex(74) o000 El(Tzn)(6, e),

and
° El*(TZO) © El*(Tzl) ©---0 Ef(TZn)(d 62),
forn=1,2,...
Recall that :
qn p— .« .. 0
] 1]
and
Pn .
— =20, 21,20, ..., Zn]
dn
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Example in dimension 2

(a,b) = (7,V3), V3/m =[0;1,1,4,2,1,2,3,...],

E1(70)(2)
E{(10)(2)
1,
0.5
12 ‘ , ‘
Th = 2y on] 1 0.5 0.5
-0.5}+
ab
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Example in dimension 2

(a,b) = (7,V3), V3/m =[0;1,1,4,2,1,2,3,...],

Ei(70) 0 E1(71)(2)
E(10) o Ef (11)(2)

0.5

12 ‘ , ‘
Th = 2y on] 1 05 0.5

05}

18 /37



Example in dimension 2

(a,b) = (7,V3), V3/m =[0;1,1,4,2,1,2,3,...],

-

1—2
2—2"1

E1(70) © Ex(71) 0 E1(71)(2)
E;(70) 0 Ef (1) 0 Ef (11)(2)

2F

1.5

1

0.5

L
-0.5

05}

-15F

0.5

L !
15 2
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Example in dimension 2

(a,b) = (7,V3), V3/m =[0;1,1,4,2,1,2,3,...],

E1(70) 0 Ex(71) 0 Ex(71) 0 E1(71)(2)
Ef(70) 0 Ef (1) 0 Ef (1) 0 Ef (11)(2)

12
Th = { 2 — 2n1 _Ig .é .21 .‘2 2 4 6 8
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Example in dimension 2

(a,b) = (7,V3), V3/m =[0;1,1,4,2,1,2,3,...],

Ei(70) o E1(71) 0 Ex(11) 0 E1(71) 0 E1(72)(2)
Ef(70) 0 Ef (1) 0 E{ (71) 0 E{ (1) 0 E{ (72)(2)

-

1—2
20— 2"1

201

15

10+

5+

L
-20

I
-15

L
-10

S10F

-15}F

20
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Example in dimension 2

301

. 1—2
=) 2 2m
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Example in dimension 2

b) = (m,v3), V3/m =[0;1,1,4,2,1,2,3,...],
Ei(m1) 0 E1(m2) 0 Ex(71) 0 E1(72)(2)

(a,

Ea(7 )OEl( 1) ©

Ei (o)

-

1—2
20— 2"1

El(Tl) O
Ef(n)o Ef(n) o Ef(m) o

Ef(m) o

80

60

a0t

20

Ef () o E{(72)(2)

!
-80

.
-40

L
-20

20+

40+

60+

80+

L L L L
20 40 60 80
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Example in dimension 2

(a,b) = (7,V3), V3/m =[0;1,1,4,2,1,2,3,...],

]
Ei(70) 0 Ex1(71) 0 E1(71) 0 Ex(11) 0 Exi(72) © El(Tl) o Ey(m2) 0 51(73)(2)
Ef(70) 0 Ef (1) 0 E{(71) 0 E{ (1) 0 E{ (72) 0 E{ (1) 0 E{(72) © E{(73)(2)

200

100

1—2 ‘ . ‘ .
Tn = { 2y on] 200 -100 100 200

-100 -

-200

18 /37



The primitive and unimodular case

Definition

A substitution o is unimodular if its incidence matrix M, has
determinant +1 or —1.

19/37



The primitive and unimodular case

Definition

A substitution o is unimodular if its incidence matrix M, has
determinant +1 or —1.

Let P5 be the plane that passes through the origin with normal
vector a.
Let &5 = {(X, e/) € §| Pg intersects the segment [X,X + e]}

19/37



The primitive and unimodular case

Definition

A substitution o is unimodular if its incidence matrix M, has
determinant +1 or —1.

Let P5 be the plane that passes through the origin with normal
vector a.

Let &5 = {(X, e/) € §| Pg intersects the segment [X,X + e]}

Proposition (Arnoux, Ito)

If o is a primitive unimodular substitution, then
Ef(0)(®g) = Gem,a

Moreover, two distincs elements (X, €}), (¥, eJ’-k) € B4 have disjoint
images by E{ (o).

19/37



Discrete plane generation

Given a vector @, in order to generate the discrete plane &5, three
questions :

20 /37



Discrete plane generation

Given a vector @, in order to generate the discrete plane &5, three
questions :
@ How to generate a sequence of primitive unimodular
substitutions (o;);>1 such that

a= lim tl\ﬂgltl\/lg2 e tMUneg?
n—o00

@ Is there a finite pattern X C § such that
lim Ey(01) 0 Ef(02) 0 --- 0 Ef(04)(X) = 647

e Given n € N, is the set Ef(01) o --- 0 E{(0,)(X) simply
connected ?

20 /37



Discrete plane generation

Given a vector @, in order to generate the discrete plane &5, three
questions :

@ How to generate a sequence of primitive unimodular
substitutions (o;);>1 such that

a= lim tl\ﬂgltl\/lg2 e tMUneg?
n—o00

e Jacobi-Perron algorithm

@ Is there a finite pattern X C § such that
lim Ey(01) 0 Ef(02) 0 --- 0 Ef(04)(X) = 647

e Given n € N, is the set Ef(01) o --- 0 E{(0,)(X) simply
connected ?

20 /37



Discrete plane generation

Given a vector @, in order to generate the discrete plane &5, three
questions :

@ How to generate a sequence of primitive unimodular
substitutions (o;);>1 such that

a= lim tl\ﬂgltl\/lg2 e tMUneg?
n—o00

e Jacobi-Perron algorithm
@ Is there a finite pattern X C § such that
lim Ef(01)0 Ef(02) 0 0 Ef(o,)(X) = 657
n—o0

e lto, Ohtsuki

e Given n € N, is the set Ef(01) o --- 0 E{(0,)(X) simply
connected ?

20 /37



Discrete plane generation

Given a vector @, in order to generate the discrete plane &5, three
questions :

@ How to generate a sequence of primitive unimodular
substitutions (o;);>1 such that

a= lim tl\ﬂgltl\/lg2 e tMUneg?
n—o00

e Jacobi-Perron algorithm

@ Is there a finite pattern X C § such that
lim Ey(01) 0 Ef(02) 0 --- 0 Ef(04)(X) = 647

e lto, Ohtsuki

e Given n € N, is the set Ef(01) o --- 0 E{(0,)(X) simply
connected ?

e Our contribution!

20 /37



Continued fraction

@ Best approximation Let o = [zy; z1,...]. For each n > 0, let
% = [20; z1, 22, . . ., Zn] then any p,q € N such that

1< q<gqpand £ # 2 satisfies
|gna = pn| < |qae—pl.

See, e.g., Khintchine, Cassels.

Many possible generalizations : Jacobi-Perron, Brun, Poincaré,
Selmer, ...
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Continued fraction

@ Best approximation Let o = [zy; z1,...]. For each n > 0, let
% = [20; z1, 22, . . ., Zn] then any p,q € N such that

1< q<gqpand £ # 2 satisfies

|gna = pn| < |qae—pl.

See, e.g., Khintchine, Cassels.

Many possible generalizations : Jacobi-Perron, Brun, Poincaré,
Selmer, ...

@ Let a, B € R the Jacobi-Perron algorithm computes
(pi, qi, ri)i21 such that for all n > 0,

< 1
Lo

Pn
a_i
I'n

dn
a_i
I'n

1
< 1s and
I'n

21/37



Jacobi-Perron’s algorithm

e Input : (a,b,c) € R3 0 < min(a, b), max(a, b) < ¢
Initialization : (&, bo, co) := (a, b, ¢),

( (b,,—a,, Lg—:J ,Cn — an L:—:J,an) if a, # 0,

(ant+1, bnt1, Cng1) = (0, cn — by [Z—ZJ ,b,,) if a, =0 and b, # 0,

(0,0,c¢p) if ap = b, =0.

N
N

37



Jacobi-Perron’s algorithm

e Input : (a,b,c) € R3 0 < min(a, b), max(a, b) < ¢
Initialization : (&, bo, co) := (a, b, ¢),

(b,, — ap LS—:J ,Cn — an L:—:J ,a,,) if a, # 0,

(ant+1, bnt1, Cng1) = (0, cn — by [Z—ZJ ,b,,) if a, =0 and b, # 0,

(0,0,c¢p) if ap = b, =0.

The Jacobi-Perron matrices are the unimodular matrices that

satisfy :
an dn+1
b = M, bn+1
Cn Cn+1



Jacobi-Perron matrices

° (an+1’ bn+1, C”+1) = (bn — anBn, cn — anCy, an)
0 1 0
Me,c,:= | 0 0 1 | with By=|%]and G, = |2,
1 B, C,

° (an—l—l’ bn+1; Cn—l—l) = (0; cp — bnkEn, bn)v

M, = with £, = | &,

O O =
= O O
:l‘n»—Ao

O = O
= O O

o (a,,+1, bn+1, Cn+1) = (0,0, Cn), M|d .

23 /37



Jacobi-Perron substitutions

01 0
e Mg,c,=|0 0 1
1 B, G,
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Jacobi-Perron substitutions

01 0
e Mg,c,=|0 0 1
1 C

B, n
10
o Mg, =|00 1
0 1 E,
100 1—1
OM|d: 010 —> O|d = 22

0 01 3—3

24 /37



Jacobi-Perron substitutions

01 0
e Mg,c,=|0 0 1
1 B, C

1 0 O 1—1
o Mg, =10 0 1 — 0g, = 2—3

01 E, 3 — 362

1 00 1—1
OM|d: 010 —> O|d = 22

0 01 3—3

24 /37



Jacobi-Perron substitutions

01 0 1—3
o Mg,c,=|0 0 1 | —og,c, =4 2+ 135
1 B, G, 3+ 236
100 11
o Mg, =00 1 —0g, =3 23
01 E, 3+ 362
1 00 1—1
OM|d: 010 —> O|d = 22

0 01 3—3

24 /37



Jacobi-Perron substitutions

0O 1 O
o MB,,,C,, = 0 0 1 — 0B, ,C, =
1 B, C

o Mg, =

o My =

Notation : we note (M<js)i>1 (resp. (0<j>)i>1) the sequence of
matrices (resp. substitutions) produced by the Jacobi-Perron

algorithm.

o O

1
0
0

= O O

0
1
0

n

mMmero

0
0
1

n

— OE, =

> Old =

1—3
2 +— 136n
3+ 236G

1—1
2—3
3+ 3En2

1—1
2+ 2
3—3
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Examples in dimension 3

1—3
ogc=1{ 2+ 136
3+ 236G
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Examples in dimension 3

—

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
Ef(o11)(U)

1—3
ogc=1{ 2+ 136
3+ 236G

25 /37



Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
Ef(o11) o Ef (02.2)(U)

1—3
ogc=1{ 2+ 136
3+ 236G

25 /37



Examples in dimension 3

5), (0, €3))-
1))

Starting with the unit cube U = (0, e}), (0,
Ef(o11) © Ef(022) © Ef (01

1—3
ogc=1{ 2+ 136
3+ 236G
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
Ef(o1,1) 0 Ef(022) 0 Ef(01,1) 0 Ef(02,2)(U)

1—3
OB,C = 2+ 136n
3+ 236G

25 /37



Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
Ef(o1,1) 0 Ef(022) © E{ (01,1) 0 Ef(022) © Ef (01,1)(U)

1—3
ogc =14 2+ 136
3+ 236G
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).

Ef(011) 0 Ef(0222) 0 Ef(01,1) 0 Ef (022) 0 Ef(01,1)
o Ef(022)(U)

1—3
ogc=1{ 2+ 13b
3+ 236G
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).

Ef(011) 0 Ef(0222) 0 Ef(01,1) 0 Ef (022) 0 Ef(01,1)
o Ef(02,2) 0 Ef (01,1)(U)

1—3
ogc=1{ 2+ 13B
3+ 236G
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Examples in dimension 3

Starting with the unit cube U = (0, e}), (0, €3), (O,

Ef(01,1) 0 Ef(022) 0 Ef(011) 0 Ef(02.2) ©
o Ef(022) 0 Ef(011) 0 Ef(02,2)(U)

e3)).
Ef(o1,1)

1—3
ogc=1{ 2+ 13B
3+ 236G
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).

Ef(011) 0 Ef(0222) 0 Ef(01,1) 0 Ef (022) 0 Ef(01,1)
o Ef(022) 0 Ef(011) 0 Ef(02,2) 0 Ef(01,1)(U)

1—3
ogc=1{ 2+ 13B
3+ 236G
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
Ef(01,1) 0 Ef(022) 0 Ef(01,1) 0 E{(022) 0 Ef (01,1)(U)

1—3
ogc =14 2+ 136

3+ 236G

1—1
OF = 2—3

3 3E2
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).

Ef(011) 0 Ef(0222) 0 Ef(01,1) 0 Ef (022) 0 Ef(01,1)
o Ef(a2)(U)

1—3
ogc =4 2+ 135

3+ 236G

1—1
OF = 2—3

3 3E2

25 /37



Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).

Ef(011) 0 Ef(0222) 0 Ef(01,1) 0 Ef (022) 0 Ef(01,1)
o Ef(02) o Ef(01)(U)

1—3
ogc =4 2+ 135

3+ 236G

1—1
OF = 2—3

3 3E2
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).

Ef(011) 0 Ef(0222) 0 Ef(01,1) 0 Ef (022) 0 Ef(01,1)
o Ef(02) 0 Ef(01) o E{ (03)(U)

1—3
ogc =4 2+ 135

3+ 236G

1—1
OF = 2—3

3 3E2
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Examples in dimension 3

—

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
Ef(o11)U)

1—3

ogc =14 2+ 361 ‘
3+ 235
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Examples in dimension 3
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
Ef(o11) 0 Ef(022) © Ef(011) © E{ (022)(U)

1—3
OB,C = 2I—>3B”1
3+ 236
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Examples in dimension 3

Starting with the unit cube U = (0, €}), (0, €3), (0, €3)).
(02.2) © Ef (011)(U)

Ef(01,1) 0 Ef(022) 0 Ef(011) 0 Ef

1—3
ogc=1{ 2+ 351
31— 23

26 /37



Generating the whole plane &4

Consider 7 = lim Ef(oc1s) o0 Ef(0<ns)(0, €3)
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Generating the whole plane &4

Consider 7 = lim E{(0<1) 0o Ef(0<n>)(0, €})
e dimg(a,b,c) =1
There exists N such that for all n > N, 0.~ = 0.
= T is finite.

e dimg(a,b,c) =2
There exists N such that for all n > N, 0, = 0E,.
= T is an infinite stripe.

e dimg(a,b,c) =3
Foralln>1, ocp> = 0B,.c,-
= |{(X, ) € T} is an infinite potato.
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Generating the whole plane &, with dimg(a, b, ¢) = 3

* There exists ng > 1 such that for all Kk >0
o B3k = Crpy3k
® Lhno+3k+1 — Bn0+3k+1 >1,
° Bno+3k+2 =0.
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Generating the whole plane &, with dimg(a, b, ¢) = 3

* There exists ng > 1 such that for all Kk >0
o B3k = Crpy3k
® Lhno+3k+1 — Bn0+3k+1 >1,
° Bno+3k+2 =0.

Theorem (Ito, Ohtsuki)

Given dimg(a, b, c) = 3,
If the condition x holds then

6(a,b,c) = I—>n;o Ef(0-<1>) ©ecc@ E1*(0-<n>)(v)'

n

Otherwise,

S(ab,c) = n"_)”g() Ef(o<1>) 00 Ef(0<n>)(U).
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Connectedness

(0,e3) if dimg(a, b, c) < 2,
W =< U if dimg(a, b, c) = 3 and not *,

V if dimg(a, b,c) =3 and *.

Theorem (Berthé, Lacasse, Paquin, P.)

For any n > 1, the pattern T, = Ef(0<1>) 00 Ef(6<p=)(W) is
a simply connected set.
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Polyamond patterns

Let mg be the orthogonal projection on the plane
Po:x+y+z=0.

Definition

A pattern X is a polyamond pattern if the topological boundary of
its projection mo(X') is a Jordan curve.
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Polyamond patterns

Let mg be the orthogonal projection on the plane
Po:x+y+z=0.

Definition
A pattern X is a polyamond pattern if the topological boundary of
its projection mo(X') is a Jordan curve.

0

Proposition

—

A polyamond pattern X is simply connected.
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3

Z?» = {172a37 17273} A‘
1 2

U : O LN O 132132 + boundary word
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Eight-curves

3

A3 ={1,2,3,1,2,3} A
1 2

U : O LN O 132132 + boundary word

Given a word w € jz

e wis a closed curve if w = 0 and 7, (w) # €F,, where 7f, is
the canonical projection from AZ to the free group Fy.

@ w is an eight-curve if it is a closed curve and if it admits a
conjugate of the form w = uv where v and v are closed

curves.
”
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Examples

2122112212 121121
M

0

=
=
NI
=
NI
NI

121212 1

oL
(=]
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Eight-curves and connectedness

Proposition

The boundary word of a pattern X that is not a polyamond
pattern is an eight-curve.

Let X be a pattern with boundary word w and o be a primitive

unimodular substitution, then o=1(w) is a boundary word for
Ef (o)(X).
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Let o be the Tribonacci substitution : o(1) = 12, ¢(2) = 13,

k | Ef(0%)(0, e) (Efl)k(mg)

N
@ 13233132
g

33213322332331
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Idea of the proof

We define some set of forbidden words E such that given any
substitution o obtained by the Jacobi-Perron's algorithm

e For any word w, c;*vl(w) € E implies that w € E.
@ Eight-curves are included in E.

@ The boundary words of the generating patterns W are not in
E.
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Conclusion

Given any vector @ = (a, b,c) € R3, for any n > 1
To = Ef(oc) 00 E(o<n)OV)

is a simply connected subset of &;.
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Conclusion

Given any vector @ = (a, b,c) € R3, for any n > 1
To = Ef(oc) 00 E(o<n)OV)

is a simply connected subset of &;.
Moreover, let T = lim,_o0 Ty :

e if dimg(a, b, c) =1 then 7 is finite and there exist two
vectors vi, vo € Z3 that generate a periodic tiling of &4 by T,

e if dimg(a, b, c) = 2 then T is infinite and there exists a vector
v that generates a semi-periodic tiling of &5 by T,

e if dimg(a, b, c) = 3 then T = B;.
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